Abstract-In this paper, a new online updating framework for constructing monotonicity-preserving Fuzzy Inference Systems (FISs) is proposed.
INTRODUCTION
To maintain the monotonicity property of a Fuzzy Inference System (FIS) model, a monotonically ordered and complete fuzzy rule base is necessary [1] [2] [3] [4] [5] [6] . However, in many practical applications, it is difficult to ensure a monotonically ordered and complete fuzzy rule base. The focus of this paper is on two of our proposed techniques, i.e., monotone fuzzy rule relabeling [7] and optimization-based Similarity Reasoning (SR) [7] [8] [13] [14] , for constructing a monotonicity-preserving FIS.
The former technique, i.e., monotone fuzzy rule relabeling, attempts to relabel a non-monotone (and maybe incomplete) fuzzy rule base gathered from domain experts [7] . It searches for a new fuzzy rule base with three aims, viz., monotone (as the first priority), minimum number of relabeled rules (as the second priority), and minimum loss measure (as the third priority).
The later, i.e., the optimization-based SR scheme [7] [8] [9] [10] [11] [12] , attempts to maintain a monotonically ordered and complete fuzzy rule base. From the literature, various SR schemes (e.g., analogical reasoning [9] , fuzzy rule interpolation [10] [11] , and qualitative reasoning [12] ) are available to allow the conclusion of an observation (in the form of a fuzzy set) to be deduced or predicted, based on a fuzzy rule base (database). Even though these approaches are useful, it is difficult to ensure a monotonically-ordered fuzzy rule base to be obtained [7] [8] [13] [14] . Thus, we argue that the deduced conclusions need to be optimized, before implementing them in practice [7] [8] [9] [10] . It is worth mentioning that in our previous investigations, applications of SR to failure mode and effect analysis methodology [9] and education assessment [10] have been investigated.
The first objective of this paper is to propose a new framework i.e., an online (potentially real time) updating framework that encompasses the optimization-based SR scheme and a new monotone fuzzy rule relabeling technique [15] . While many investigations on SR have been reported, the applications of SR are still limited. The proposed framework demonstrates the potential of SR and a new monotone fuzzy rule relabeling technique in various practical application domains. The proposed framework also provides a solution to modeling an FIS model when the fuzzy rules are incomplete and not monotonically ordered. It allows new fuzzy rules to be updated from time to time. In our previous works [7] [8] [13] [14] , it is assumed that the fuzzy rules are static, and it is unclear how to update the FIS model when new information i.e., new fuzzy rule(s), is provided. The proposed framework is an extension of our previous works, in which an online updating feature is introduced.
While the proposed framework is able to deduce a monotone outcome, it is not explicit whether the deduced outcome is valid. In order to give an insight for the inferred outcomes, three new measures which are inspired from the Dempster-Shafer Theory (DST) of evidence [16] , i.e., the belief, plausibility, and evidential measures, are further investigated. The belief measure (i.e., , where 0 1) indicates a measure of evidence (i.e., fuzzy rule(s) from the domain experts) that supports the outcome. The plausibility measure (i.e., , where 0 1) indicates a measure of evidence (i.e., fuzzy rule(s) from the domain experts) that is against the outcome. There are two sources of evidence (i.e., fuzzy rule(s)) that are against the outcome, i.e., relabeled fuzzy rules and previous fuzzy rules. The evidential mass measure (i.e., , where 0 1 ) indicates a measure of indeterminate evidence, i.e., fuzzy rule(s) that are approximated by SR. This paper is organized as follows. The background of FIS and its monotonicity property, and the related works of SR are presented in section II. In section III, a new fuzzy rule relabeling technique is firstly described. The new online updating framework is explained. In section IV, the belief, plausibility, and evidential mass measures are defined, and their usefulness are demonstrated. Finally concluding remarks are presented in section V.
II. BACKGROUND AND RELATED
In this section, the background of monotonicity property, as well as investiga (optimization-based) SR are presented.
A. Gaussian membership function and its rep
A Gaussian Membership Function (MF) be represented by : , ⁄ where is the center of the fuzzy set, and p width of the fuzzy set. The representative val the overall location of the MF. It can be defuzzification approach, or can be represen that the membership value is 1, e.g., the repr for is c. , respectiv and lower limits for the universe of discourse , respectively. The output is obtained by us average of a representative value, , ,…, , w compatibility grade, as shown in (2) . 
E. The Optimization-Based Similarity Reasoning Scheme
The optimization-based SR scheme (as outlined in Fig. 2 ) has been proposed previously to tackle the problems related to the monotonicity and local monotonicity properties [7] [8] [13] [14] . It consists of an SR scheme, an optimization method, and a monotonicity/local monotonicity evaluation model. An optimization method is used to search for a set of appropriate conclusions, which is the nearest (with the minimal difference or loss) to the deduced conclusions from SR, and yet is able to satisfy the monotonicity/local monotonicity evaluation model. A mean square function is used to indicate the difference between the SR deduced conclusions and the optimized conclusions. In [13] [14] , the sufficient conditions are adopted as the monotonicity maintenance model. The sufficient conditions (as explained in section II (C)) are exploited as a set of governing equations during the FIS modeling process. Fuzzy MFs are designed according to Condition 1 (Theorem 1). It is assumed that the fuzzy rule base is incomplete and monotone, and some fuzzy rules are missing.
III. THE ONLINE UPDATING FRAMEWORK
In this section, a new fuzzy rule relabeling technique (the details are explained, demonstrated and discussed in [15] ) is firstly described. The proposed online updating framework is further explained. We further demonstrate the applicability of the proposed framework with a simulated example.
A. A New Fuzzy Rule Relabeling Technique
A set of fuzzy rules, i.e., , 1,2,3 … , is considered. Note that is a label for a fuzzy rule, and is simplified as , in which is the representative value of , i.e.,
. We consider the monotonically-ordered fuzzy rules as a useful information that can be used to relabel , either the fuzzy rules are complete or incomplete. The process of relabeling attempts to search for a set of corresponding to . It searches for a new fuzzy rule base (i.e., ) that is monotone (as the first priority), with the minimum number of relabeled rules (as the second priority), and with the minimum loss measure (as the third priority) corresponding to .
In our previous work [7] , the GA was used for fuzzy rule relabeling. However, the GA usually produces a near optimal solution. Thus, in this paper, a new search technique [15] , which is expected to produce an optimal solution, is considered. The search technique is a brute-force approach that attempts to search all potential solutions. It starts by relabeling one fuzzy rule till fuzzy rules. If a solution is found with the relabeled fuzzy rules, where , the best solution with the relabeled fuzzy rules is the optimal solution. The proposed technique is outlined as two routines: a main routine in Fig. 4(a) , and a subroutine in Fig. 4(b) . 
B. The Proposed Online Updating Framework
The proposed framework is outlined in Fig. 5 . It consists of seven steps (A to G).
Step (G) is discussed in Section IV. Step (A) A new fuzzy rule A new fuzzy rule, i.e., , ,…, :
, ,…, , ,…, is given.
Step(B) Inclusion of the new fuzzy rule
, ,…, :
, ,…, , ,…, is included to the pool of fuzzy rules.
Step(C) Pre-processing of fuzzy rules
In this stage, , ,…, :
, ,…, , ,…, are determined from the pool of fuzzy rules. If there are more than one fuzzy rules that describe the same , ,…, , the latest , ,…, is used.
Step(D) Monotone fuzzy rule relabeling
The approach described in section III(A) is used. Note that , ,…, is obtained by relabeling , ,…, .
Step (E) Approximation of unknown fuzzy rules With , ,…, , the optimization-based SR scheme is used to deduce , ,…, .
Step (F) Construction of the FIS model With
, ,…, and , ,…, , the FIS model is constructed.
Step (G) Evaluation
The outcomes of the FIS model are evaluated. Details are discussed in Section IV. The simulated example has a 3 3 rule matrix, as in Fig. 8 , .
C. A Simulated Example

D. Discussion
The proposed approach allows a monotone FIS model to be produced, whenever a new fuzzy rule is provided. It is a new solution to FIS modeling, while the fuzzy rules are incomplete, non-monotone, and inconsistent. This is an online updating framework, as it can adaptively process a new fuzzy rule. The computational complexity for such a framework (which focuses on updating of fuzzy rules) to be a real time system can be lower than those focusing on precise data points [17] . This is because domain experts need time to give a meaningful fuzzy rule.
The proposed framework is useful for developing fuzzy rule bases based on expert's opinion. It can be applied to a variety of applications domains, in which the fulfillment of monotonicity property is important, e.g., assessments, decision makings, modeling and etc. As an example, the proposed framework can be applied to failure mode and effect analysis [18] and education assessment [14] . However, even though the resulting FIS model is useful, it is not clear whether the deduced outcomes are valid. For this reason, we propose a method to analyze the validity of the deduced outcomes, as follows.
IV. BELIEF, PLAUSIBILITY, AND EVIDENTIAL MASS MEASURES A. The Proposed Formulation
The proposed framework is useful for constructing a monotone FIS model given that the fuzzy rule base is incomplete, inconsistent, and non-monotone. However, the validity of the FIS model needs to be analyzed. Thus, it is important to have some measures to ascertain the validity of the outcomes of the FIS model. As the FIS model adopts fuzzy rules, the validity of the FIS model is different from one region to another. Here, the principles of DST [16] are adopted. Inspired by DST, three useful measures, i.e., the belief ( ), plausibility ( ), and evidential mass ( measures, where 0 , , 1, are investigated. We use the notations in Section III(B), i.e.,
If fall in the region which is governed by the known fuzzy rules, i.e., is close to 1, the deduced outcome is associated with a good belief measure. This also means that there exists a strong evidence ( , ,…, in this case) that supports the outcome of . If it is close to zero, there is no evidence that supports the outcome of . In the belief measure, we consider only the fuzzy rule(s) which have not been relabeled.
The plausibility measure ( ) is a measure of evidence that is against the deduced outcomes of . There are two possible sources of evidence that are against the outcome, (1) from the relabeling process, and (2) from inconsistencies of the fuzzy rules provided by domain experts. To differentiate them, we introduce two plausibility measures, and , for each of these possibilities. The plausibility measure for the fuzzy rule relabeling process is obtained with Equation (5).
The plausibility measure for inconsistent fuzzy rules is obtained with Equation (6).
If or is close to zero, this implies that there is a strong evidence that is against the outcome of , either from the relabeling process or the inconsistent fuzzy rules. If it is close to one, this means that there is no evidence that is against the outcome of . The evidential mass measure gives an indication whether falls in the regions that are not supported by any evidence (i.e., fuzzy rules from domain experts). Even though the deduced , ,…, are useful, we consider them to be undetermined, as there is no evidence to support them. The deduced , ,…, are deemed as a "useful deduction" by the SR scheme. The evidential mass measure is obtained with Equation (7).
If is close to zero, this means that the deduced outcome is highly undetermined. If it is close to one, the deduced outcome is highly certain, i.e., the new fuzzy rules are highly unlikely to cause a major change to the deduced outcome, unless inconsistency occurs.
B. Simulation
A simulated example is used to explain the usefulness of the proposed measures. A single-input FIS model, i.e., , is considered. Domain is represented by 12 MFs, as depicted in Fig. 9 ) are further deduced to form a complete fuzzy rule base. The existence of suggests that is inconsistence. Thus, the region governed by has a low plausibility measure (for inconsistent fuzzy rules). Fig. 10 further depicts a plot of , , , and versus , at 1. From , a monotone curve is obtained. From , the belief measure is high at the regions governed by , , , , and . From , the plausibility measure is high except at the region governed by . From , the plausibility measure is high except at the region governed by . From , the evidential mass measure is low at the regions governed by , , , and . These measures provide an insight towards the deduced outcomes. As an example, at 1 and while 11.5 , 5.7364 , 0.0091 , 1 , 0.5045 , and 0.5045 , are obtained. A low belief measure (i.e., 0.0091 ) indicates that while 11.5, the deduced outcome (i.e., 5.7364) is not supported by the fuzzy rules provided by domain experts. Note that 1 indicates that 11.5 is not within the region governed by the relabeled fuzzy rules. Besides that, 0.5045 suggests that there is evidence that against the deduced outcome (i.e.,
). In addition, 0.5045 indicates that the obtained outcome is very much dependent on the SR deduced fuzzy rules.
V. SUMMARY
In this paper, a new online updating framework for constructing a monotonicity-preserving FIS model has been proposed.
The proposed online updating framework is a solution to building a monotonicity-preserving FIS model when the fuzzy rule base is incomplete, non-monotonic, and inconsistent. It allows the FIS model to be updated, whenever new fuzzy rules are provided. Positive results have been obtained from the simulations. Three measures, i.e., belief, plausibility, and evidential mass, for the online updating framework have also been proposed. These measures are able to provide an insight for the outcomes deduced by the FIS model.
As future research, the application of the online updating framework coupled with the three measures to real-world problems will be investigated.
